Finding arithmetic progressions in sumsets

Bora Calim

ABSTRACT

Following [5], we prove that the sumset of sufficiently large subsets of {1,2,..., N} contain an
arithmetic progression of length at least exp(c(log N)l/z) for some absolute constant c. The
proof uses Fourier analysis and some probabilistic estimates, and Chang’s lemma on the large
spectrum of a set.

1. Introduction

Since convolution is in some sense a “smoothing” operation and the sumset operation is
essentially taking the convolution of the indicator functions of two sets, it seems reasonable to
expect sumsets to contain more structure than arbitrary sets. Bogolyubov-type theorems, for
instance, make this intuition precise. As a manifestation of this phenomenon, Green [5] proved
the following:

THEOREM 1.1. (Green) There are absolute constants c,c’ > 0 such that the following holds:
Let C,D C {1,2,..., N} with |C| = yN,|D| = 6 N. Then the sumset C + D contains an arithmetic
progression, of length at least exp(c((ydlog N)*/? — ¢ loglog N)).

REMARK 1. Earlier, Bourgain [1] had proved the same result with 1/3 in place of 1/2.
Later, Croot, Laba and Sisask [3] proved the same result as Green [5] by the machinery of
almost-periodicity which later found many more applications in additive combinatorics.

REMARK 2. Due to a construction of Ruzsa [9], one cannot hope for a larger number than
2/3 in place of 1/2. As far as I know, the exponent 1/2 has not been improved.

1.1.  Understanding the “numerology”

In this short section we give a non-rigorous interpretation of the bound given by the main
theorem.

It can be observed that we can “ignore” the —loglog N term. Assume N has k digits. Then a
short calculation (remembering that e* has, up to a constant factor, k digits) gives an arithmetic
progression whose length has c(’yd)l/ 2k/2 digits. Regarding v and ¢ as constants, this means
that in the sumset of sufficiently dense sets (we need this because of the —loglog N term, this
issue will be dealt with later in a more precise manner) in {1,2,...,10"}, we can find APs of

length c10VE,

1.2.  Definitions, notation and basic facts of Fourier analysis in Z/nZ

Here we fix some notation and record several facts about Fourier analysis in Z/nZ (henceforth
denoted by @), mainly to fix the summing/averaging conventions. In particular, we always
average in the physical space and sum in the Fourier space.

For convenience, we regard N as fixed and write w = e?™/N We write E as shorthand for
‘—él . If confusion can arise, we use the latter (this will be the case in the part where we prove
Rudin’s inequality).
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We define the averaging and summing inner products as (f, g)r2 = Ezcaf(2)g(z), (f,g)e =
> rec f(®)g(x). As noted before, we use the former mainly in the physical space and the latter
mainly in the Fourier space.

Throughout, we identify sets with their characteristic functions. We define the Fourier trans-
form as f(r) = Egea f(x)w™"", and the convolution of two functions as f * g(z) = Eyec f(y)g(x —
y). We now record several facts.

PROPOSITION 1.2. (Fourier analysis in G) Let f,g: G — C be two functions. Then the
following statements hold:

(i) (Fourier inversion) f(z) = ZTGG fr)w™
(ii) (Plancherel) Ezec f(x )g( ) =
(iif) (Convolution identity) f g(r

We record the special case of Plancherel with f = g often, which we call Parseval, in the form
Iz = || f]le2. With the same notation we define the p-norms || f||L» and || f||¢». We may shorten
Ifllz» to || f|lp for convenience.

For a set I' C G, we define the Bohr set B(T',¢) with width € as {x € G : || 57 |lr/z < € for all
r € I'}, where the “norm” denotes the distance to the nearest integer. Bohr sets contain large
APs, and also are somewhat rigid under linear combinations with small coefficients because of
the triangle inequality. The latter heuristic fact is used in the last step of the proof of the first.

LEMMA 1.3. (Bohr set contains a long AP) If |I'| =d, then B(T',€) contains an AP with
length at least eNY/?.

Proof. This is a simple pigeonholing argument. We give the details for completeness. Consider
RY/NZ* and let © = (y1,72,...,74) (where v, are all the elements of T') in this space. Consider
closed cubes of side length N'~1/4 centered at the points 0, z, 2z, ..., (N — 1)z. The volume of
these cubes sum to N?. Assume for contradiction that the cubes are pairwise disjoint. Then, since
they are compact, they are separated, so the volume of R? /N 7% becomes larger than N¢, which
is absurd. Therefore there is a pair of cubes which intersect, which means there is a pair n, m and
a point u = (u1, ..., uq) such that |u; — na;|, |u; — maz;| < N'7/9/2 for all j (where distances
are taken in R/N), so by triangle inequality |(n —m)z;| < N'7'/? for all j. Remembering the
definition of x, this means there exists some r =n —m # 0 € G such that || 5% ||g/z < N4 for
all 7.

Let M = LeNl/dJ, P={-Mr,...,—7,0,r,...,Mr}. We claim that P C B(T,¢). Indeed, for
any v € I and kr € P, we have ||*22||g/; < |eN'/?]|| 2% ||g/z < [eN'/¢|N~Y% < ¢ Since P is
an AP and |P|=2M +1 > eN'/? this completes the proof. |

1.3.  Brief outline of the argument and preliminary reductions

The main technical result of [5] states that if all subsets of a set have a large nontrivial Fourier
coefficient, then the complement of this set contains a long AP. This is connected to Theorem
1.1 by a short Fourier analytic argument showing that the complement of a sumset satisfies this
condition, so the sumset contains a long AP.

The proof of the technical result goes roughly as follows: If a subset of appropriate size of
the set in question minimizes the size of its largest nontrivial Fourier coefficient, unless the
complement of the set contains a long AP, we can “play with the subset randomly” and get a
subset with smaller largest nontrivial Fourier coefficient, which is a contradiction.

Actually this is not exactly how it is done. Rather, we assume we can “play with the subset
randomly” to get a smaller largest nontrivial FC, and show that this implies there is no long
AP in the complement. However it can be seen that these two approaches are equivalent, since
they are contrapositives of each other. I am not sure how one would think of approaching this
problem in this way.
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We now give a precise statement of the main technical result, and prove Theorem 1.1 assuming
it. A set AC G is called a-hereditarily non-uniform (a-HNU for short) if for all subsets S of
A, we have sup, ., |S(r)| > a|S|/N. Since Fourier coefficients of S are bounded by |S|/N, this
heuristically means all subsets of A are “at least « fraction of being as non-uniform as possible”.
The result concerning these sets is as follows:

THEOREM 1.4. There exists absolute constants c,c’ > 0 such that the following holds: Assume
that A C G is a-HNU with o > cloglog N/ (log N)l/Q. Then A€ (the complement of A) contains
an AP of length at least e “VI°8 N

REMARK 3. Carrying out the calculations carefully, some admissible pair of ¢,c’ is in the
range 108 < ¢ < 10%°, 1078 > ¢/ > 10710,

We now give the short Fourier analytic argument connecting 1.4 and sumsets.
LEMMA 1.5. Let C,D C G with |C| =~N, |D|=0N. Then (C + D) is \/76-HNU.

Proof. Let S C (C+ D)°. Then, since S and C + D are disjoint, EzecS(z)(C * D)(z) = 0.

By Plancherel and convolution identity, we obtain ) . S(r)C(r)D(r) = 0. Separating this into
r =0 and r # 0 and using the fact that the trivial Fourier coefficient of an indicator function of
a set is its density (also noting that it is real-valued and positive, so it equals its conjugate), we
obtain

1SIvé _ [SICIDL _ arovéim Aray —
2 = S = S(0)C(0)D(0) =

> S(r)C(r)D(r)
r#0

< D ISMICHID)].

r#0
< SUP|S |Z|C )IID(r)

< sup |S(7“)|||CHL/2 D1l
r#0
= sup ISINC 21Dl 2

=sup|S )V,

where we used Cauchy-Schwarz and Parseval in the third-to-last and second-to-last lines.
Rearranging, this gives the desired result. 1

Proof of Theorem 1.1 assuming Theorem 1.4 and Lemma 1.5. Embed C and D in Z/(6N +
1)Z. Then the densities of C' and D are > 7/7, §/7. By Lemma 1.5, (C' + D) is v6/7-HNU. Now
Theorem 1.4 gives us the following dichotomy: Either v6 < 7c(loglog 7TN)?/1log7N, or C + D
contains an AP of length at least e VTR TN/ Gince log 7N and log N are of the same order,
we can replace the 7N’s appearing with N’s at the expense of slightly increasing ¢ and decreasing
c.

Now let us investigate the bounds we obtained more carefully. If \/ydlog N < cloglog N, then
we do not have any nontrivial information, and if this is not the case, then we have an AP of
length > e VI3ToE N Putting these together without the condition on v and § requires us to
offset the first case (and lose some lower-order terms in the process), and this is exactly what
the statement of Theorem 1.1 does: If 7§ is too small, we do not get anything, and if it is large,
we get a long AP.

Theorem 1.1 follows from observing that an AP in C+ D C {1,2,...,2N} CZ/(6N +1)Z is
an AP in Z by Freiman isomorphism considerations.

O
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2. Probabilistic preliminaries: Bernstein’s inequality

In this section we establish a “large deviation inequality”, which originates from Bernstein (I
have not been able to precisely locate where it was first proven, because of language barriers),
although we will follow the proof in [7].

The inequality heuristically states that the sum of independent random variables is close to
their mean with high probability. Precisely,

THEOREM 2.1. (Bernstein) Assume that Xi,...,X, are R-valued independent random
variables with EX; = 0, E|X;|? = 07, 0> = 07 4+ ... + 02, | Xi| < 1 uniformly in i, then
_ +2
() 2 1) < 200 (- "),
2= +2t/3

We will use the following consequence of this inequality:

COROLLARY 2.2. Assume that X1,...,X, are C-valued independent random variables with
EX; =0, B X;|*> =07 0> =01 +... + 02, |Xi| <1 uniformly in i, and o> > 6nt, then

2,42
P(lflzt)szlexp(—’gé).
g

Proof of Corollary 2.2 assuming Theorem 2.1. Re(X1),...,Re(Xy), and Im(X1),...,Im(X,)
are R-valued independent random variables with mean zero and are uniformly bounded by
1. Let E|Re(X;)|*> = 07, and E|[Im(X;)|* = 07,. Observe that o} = 07, + 075 by linearity of
expectation. Let o2, = 2‘712,1 and 02, = 2‘712,2 Then o2 = 02, + 02,,. By simple geometric

considerations, P(|X| > t) < P(|Re(X)| > t/v/2) + P(| Im(X)| > t/+/2), so by Bernstein, we have

2 2
P(|Y|Zt)§26xp(—#) +Qexp<—#>. (2.1)
e 4 41/3 Tim 4 4t/3

i
n n

Let Omaz = Max(0re, Gim), 80 that 02,4, > 3nt. Then 4t/3 < 402,,,/9n, so (after some calcula-

tion)
Int? In’t? n?t?

as claimed. |

We now prove Theorem 2.1. I have to admit I do not know exactly what is going on in this
proof, but the calculations work. We begin with a preliminary lemma.

LEMMA 2.3. Let X be a real-valued random varigble bounded by 1 with mean zero and
variance 2. Then for any z > 0, we have E(e*X) < e (€7 7271,

Proof. Let F =3 ., TR Then, by Taylor, E(e**) = E(1 + 2X + 2°0*F)

rlo2
<1+ 2%0%F < exp(z°0°F). For r > 2, since X is bounded by 1, E(X") = E(X"2X?) < ¢°.
r—2 z
Therefore F' < ZQQ =< ;%*Z. Rearranging, we obtain the desired result. |

Proof of Bernstein’s inequality. Observe that it suffices to prove that

P(X >1t) <exp(—n7t?)
- 202 4 9t/3)]

n

since then we can apply this to —X and obtain Theorem 2.1.
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By the previous lemma, we have E(e**¢) < exp o?(e* — z — 1). Thus, by Markov’s inequality
and independence we have

P(X >t)=P()_ X, >nt) =Plexp(z »_ Xi) > e"*") <e "Eexp(z Y _X,)
= HEeXp(in) <e ™t Hexp(a?(ez —z-1))

=e "exp(o?(e” —z—1)).

This holds for all z > 0. We take z =log(l +tn/c?). Expanding out everything, we see
that P(X > t) < exp(—ch(nt/o?)), where h(u) = log(1 + u) 4+ ulog(1 + u) — u. Observing the
graphs, we see that h(u) > u?/(2 + 2u/3), which finishes the proof after expanding out everything
again.

O

3. Analytic and combinatorial preliminaries: Rudin’s inequality and Chang’s lemma

In this section we prove Chang’s lemma on the large spectrum, which heuristically states that
the set of large Fourier coefficients of a small set is highly structured, in the sense that its largest
“unstructured” subset is quite small (this can be extracted from its proof).

We call a subset A = {a1,...,an} of an abelian group dissociated if €¢; € {—2,—1,0, 1,2} and
Z €;a; = 0 implies €; = 0 for all ¢. In other words, there is no nontrivial additive relation (i.e.,
solutions to a1 + ...+ a; = ai,... + a;) between elements of A. Thus, a dissociated set has
basically no additive structure. Chang’s lemma [2] states the following:

THEOREM 3.1. (Chang) Let AC G, |A|=6N, ' ={r € G:|A(r)| > pd}. Then there is a
A CT with |A| <6000p *log(1/8) such that each element of T' can be written as a linear
combination of elements of A with coefficients 1 or 0.

I think it is instructive to think about what the bounds mean. By Parseval (dividing the sum
into large and small Fourier coefficients), I' < p~257'. As § goes to zero, log(1/6) is much smaller
than 6. From the proof, it will turn out that A is obtained from (modulo a small technicality)
the largest dissociated subset of I'. Therefore the largest “unstructured” subset of I' is much
smaller than |I'[, so the heuristic interpretation I' is highly structured makes sense.

In view of the fact that Bohr sets are rigid under linear combinations with small coefficients, it
can be seen that how this result will be useful: In a Bohr neighborhood of the large spectrum of a
set, we can find another Bohr set with much smaller dimension, which gives a longer arithmetic
progression than we would get if we only used Lemma 1.3.

In order to prove Chang’s lemma, we will first prove a special case of Young’s convolution
inequality and Khintchine’s inequality, then we will use these to prove Rudin’s inequality, which
we will use in proving Chang’s lemma.

LEMMA 3.2. (Young) If f,g: G — C andp > 1, then ||f * gllp < || fll1llgll»-

Proof. This proof is probably standard, and unfortunately I do not remember where I took
it from. Let p’ = p/(p — 1) so that 1/p + 1/p’ = 1. For all z, by Hélder we have

1 9(@)] < Byl f(z = n)g(w)| = Bylf(x = )| F(@ = 1) |g(y)]

< (Buls =) v (B 1t =)l ”

and noting that the first term on the RHS is Hf||i/p’, we have
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1/p

1/p ,
1 % gl = (Ez\f*g(w)l”> < |IF1 (EmEy\ﬂm—y)Hg(W)

1/p

, 1/p ,
= I (Ey&wx - ymg(yw’) — I (Eylg(y)l”Exlf(:c - y)\)

= 1A gl 1R = 1 £ 1allglo, (3.1)
[

We now prove (one side of) Khintchine’s inequality, which heuristically states that the LP
norm of a sum of random variables with random signs is comparable to its L? norm. We follow
the proof in [11].

LEMMA 3.3. (Khintchine) Let p > 1. Then there is a constant Cp such that the following
holds: Let ¢; be independent random variables taking values +1 with equal probability (known as

p/2
Rademacher random variables) and ai,...,a, € C. Then E| Y e;a:|? < C) ( > |ai|2> .

Note that C) depends only on p, in particular, it does not depend on the sequence a, or
even the length n of the sequence. Observe that by expanding out the square and using linearity
of expectation, we can write the sum on the RHS as || Y €;a:]|3. So another formulation of
the inequality would be || > €ai|l, < Cpll D €iasll2 (with a different Cp). Here, we can take

Cp = 8,/p.
It can also be proved that || > €;aillp > ¢pl| D €:ail|2 (justifying the word ‘comparable’ in the
heuristic interpretation above), but we will not need this.

Proof. By Taylor expansion and noting that n!2" < (2n)!, we have e” + e¢™% < 2e7°/2, Thus,
for real a;, for any t we have

EetZeiai — H]Eeteiai < et2/22:al2

By Markov, for any A > 0, P(3 e;a; > A) = P(exp(t Y. e;a;) > ) < Eexp(tY. e;a; — tA). Tak-
ing t = ﬁ and using the inequality above, we obtain

P> eiai > ) < exp ( — 22;712)

Therefore, by symmetry, P(] > e;a:] > A) < 2exp for real a;.

)\2
- 22&%
Assume now that a; are complex, with a; = u; +iv; for real w;, v; (this is the only

time we use i for the imaginary unit). Then | €a:]? = |3 uil® +| > €vi|>. Observe that
1/2

2
Sail? = S u? 4+ S v, so | Y €ai| > X implies either | e;ui| > /\(%) or | > €v;| >

i< (Brnio(§) ) (S () )

)\2
346""(‘ 22@-\2)'

We can express the LP norm of a function on an arbitrary o-finite probability space (X, A, u)
as an integral over the real line as follows (this proof is in [4]):

Bl = | 1r@Pin = |

X

5 \ 1/2
/\< DL ) . Thus, invoking the result for the real case we have

[f ()] 1
J paf” dadp
0

:PJ Oépflj 1{\f\za}duda:pj o 'P(|f] 2 a)de.
0 X 0
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Taking f = 3 €;a; and making the substitution oo = (23 |a:|2x)Y/?, da = %dz, we
obtain

= anl? 1/2
E(| Zeiailp) = PL (22 |ai|2$)(10—1)/2]P’(| Zeiai| > (QZ \ai|2x)1/2) %dm
= p(ZZ lai]?)P/? J:o x(pf2)/2]p<| Zez‘ail > (22 |ai|2:r)1/2) d

<2p(2) |a¢|2)p/2j 2P dr = 2p(2) " |ail*) T (p/2).
0
= 2020 (p/2) (D lasl*)P2,

which completes the proof. To obtain the precise estimate for Cp, we take 1/p’th powers
and observe by looking at the graphs of the relevant functions that 2Pt2/2? <4 p'/P < 2,
I'(p/2) < \/p. Therefore || 3  eiaillp, < 8\/pl| > €iaill2, as claimed.

We now prove Rudin’s inequality (often [8] is cited for this, but I have failed to find the
exact statement in there, although there seem to be some related ideas), following the proof in
[10]. Heuristically, the inequality states that if a function has Fourier transform with dissociated
support, then all its L? norms are controlled by its L? norm. Recalling that Khintchine states
the same for Rademacher random variables, this can be interpreted as saying that characters
from a dissociated set behave similarly to Rademacher random variables.

LEMMA 3.4. (Rudin) Let p>1, S C G be a dissociated set, f: G — C with supp(f) cs.
Then || fllp < 16y/B| f[2-

By Fourier inversion, this is equivalent to

(i) < ma(ar i)

res res

The method of proof is unlike any analysis proof I have ever seen. It is proved that when we
randomize the sign of the Fourier coefficients, on average the inequality holds. Then it is proved
that the L? norm of these randomized functions are not much larger than of f, proving the
theorem. I do not know how one would come up with this proof.

Proof. For r €S, let ¢ be independent Rademacher random variables. Define fe(z) =
Yoreg e f(rw”™ (note that the value of fo at each z is a random variable). For all z € G,

by Khintchine (with a; = f(i)w'®), noting that |e,| = |w™| = 1, and Parseval we have

N N p/2
Elf. @) =B 6w P < (8@"(2 |f(r>|2)

res res

= (8vD)lIfll2,

where the expectation is taken over the choices for €,.. Note that RHS does not depend on z.
Averaging over x and using linearity of expectation, we obtain E|| fc||} < (8,/p)?|| f||5. Therefore,
there is some assignment of 1 to €, such that || fc||, < 8,/p||f||2. From now on we fix € as this
assignment. We will do a long computation to obtain || f|l, < 2| fellp-

Let

’
€r rz €r —rz €r rax € 'z
De(x 1+ —-w"+ -w = —w —w
(@) = [T« 5 2 ) > [] 2 [ ] 2
res X,x'cs rex rleX’
X,X'disjoint

3 ( 11 %)w@rexwzr/exw’m_

X,X'Cs rexXxux’
X,X'disjoint
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Observe that pe is nonnegative, so ||pe|l1 = Epe(x) (note that our setting is deterministic now,
so expectation symbols denote averaging). Thus,

_ Er > = exr )
|l = — | E rex r'ex .
l[Pellx > ( 11 2) 2eGW
X,X'Cs rexXuXx’
X,X'disjoint
The inner expectation is one or zero depending on whether ZTEX r= ZT,GX, r" or not. However,
by dissociativity, the only way this can happen is X = X' = &, so ||p|| = 1.
We claim that f = 2fe * p. By Fourier inversion and convolutlon identity it suffices to prove
that f = 2f€p6 By hypothesis f(ro) = 0 unless rg € S. Also f6 (ro) = 2570]‘(7"0) if ro € S and zero
otherwise. Now consider pe(ro) for 7o € S. By definition, this is equal to

Z ( H i)Ezer(ngx = ex! r'*”’)z.
X,X'Cs reXux’ 2
X,X'disjoint

By orthogonality and dissociativity, the only contribution to this sum are when X = {ro} and
X' = &, so the sum is €,, /2. Note that this is why we also exclude coefficients +2 in our definition
of dissociativity, as the sum multiplying £ may include a coefficient —2 for ro. If we used the
other definition (only excluding £1) of dissociativity, there could be other contributions to this
sum. Consider for example S = {1,2}. Then 1 =2 — 1, so we get unwanted contributions.

Now, combining everything we have, 2f€(r0)p€(ro) = 2¢,, f(10)€ry /2 = f(r0), as claimed.
Therefore, using Young’s inequality and commutativity of convolution, ||f|lp < 2 fe * pellp <
2] fellollpells = 21 elly < 2- 8Bl fll2 = 16 /B f |2, which completes the proof.

Proof of Chang’s lemma. Let E C T be a dissociated subset. Define a, = A(’")
g(x) =3, cpgarw™. Then, for any p > 1, by Rudin and Parseval, we have [|g]|, < 16\f||g\|2 =

16,/p||g|le2 = 16,/p. Write ¢ = p/(p — 1) so that 1/p+ 1/g = 1. Then ||Al|; = 6'/9. Then, since
E CT, by Plancherel and Holder we have

pOVIEI< D 1AM)? = _ZrepldOF =Y A(rjar] = [(A, )| = (A, g) 12|
reE \ 2omeE | |A(m |2 reE

< | Allgllgll» < 16y/p6"7.

Taking p = log(1/8), we obtain |E| < 256p 2§25 2/108(1/%) — 956¢2p~210g(1/5). Note that
256e> < 2000.

Let Ep be a maximal dissociated subset of I'. Then for any s € I'\ Ey, EoU{s} is not
dissociated. Therefore, if s € I"\ Eo, there is a nontrivial relation of the form ess+ > ee; =
€.s+ Y e€je;, where e; are the elements of Ep and ¢; are zero or +1. Since Ey is dissociated,
€s # €. Thus s is a linear combination of the elements of Ey with coefficients 0, +1/2,+1 or +2.
Taking A = Ey/2 U Ep U 2Fp, we finish the proof.

There is another proof of Chang’s lemma due to Ruzsa, not relying on Rudin’s inequality
(in fact Rudin’s inequality can be deduced from it), given in [6], which seems to be not very
well-known. I have not attempted to understand it, but it seems to use less heavy machinery.

4. Proof of Theorem 1.4

4.1. Brief outline of proof (again)

Let us recall what we are going to do (in a bit more detail than the brief outline in the first
section). Let A be our a-HNU set. We fix some density 8 depending on a (we will have 8 =
exp(—cay/log N) for some suitable constant ¢), consider the subset B C A of size SN minimizing
the largest nontrivial Fourier coefficient (a very small technicality: 8 need not be a multiple of
1/N, but when N is large enough (even, say, N > 100), which is the regime we are interested in,
|BN ] is within 0.99 and 1.01 times SN, and the argument will still work. Thus, for convenience
we will assume § is a multiple of 1/N. It might be the case that slight alteration of the constants



FINDING ARITHMETIC PROGRESSIONS IN SUMSETS Page 9 of 11

appearing is needed to make this fully rigorous, but surely it will work.), and let 783 be this
minimum (since A is «-HNU, n > «). We use Chang’s lemma to find a long AP P in a Bohr
neighborhood of the large spectrum of B. Most translates of P do not have too large intersection
with B. We let C be the set of such translations.

Since C'is very large, it will not have large nontrivial Fourier coefficients. Then, taking elements
at random, we can find a small subset D of C' which also does not have large nontrivial Fourier
coefficients. By the same probabilistic argument there will be a subset X of B with the same
size as D and with Fourier coefficients about the same size as B. It turns out that however
we translate the elements of D by elements of P to obtain a set D', the multiset (i.e., we allow
multiple elements, so this corresponds to adding and subtracting indicator functions) D' U B \ X
has smaller largest Fourier coefficient than g3, so if it were a genuine set, we would obtain a
contradiction.

It follows that A°\ B contains a very large proportion of a translate of P, which, after some
calculations and optimization of parameters, gives an AP of desired length in A°. Now we make
this discussion rigorous.

4.2. Using Chang’s lemma

LEMMA 4.1. Let R={r € G : |B(r)| > nB/2}. Then B(R,n/64) contains an AP P of length
> nan2/24000 10g(1/,8)/221 log(1/).

Proof. By Chang, each element of R is in the =l-span of some A of size m <
6000(2)?log(1/B) = 24000n *log(1/B). By triangle inequality, B(A,n/64m)C B(R,n/64).
By %emma 1.3, B(A,n/64m) contains an AP P of size at least nN'/™/64m >
pP N7 /24000108(1/8) /921 1001 /3) (since 24000 < 2'°). O

4.3. Finding the set C
LEMMA 4.2. For at least (1 —n/16)N values of v € G, we have |(z + P) N B| < 1653|P|/n.

Proof. TIf not, then we would have |P||B| =3 .. |(x+ P)NB|> {&EN - 16%|P\ > |P||B|,
which is absurd. U

Let C be the set of (1 — n/16) N values of  in this lemma. Then, since 1(r) = 0forall7 # 0 and
|C|/N > 1/2, we have |C(r)| < |C°|/N < n/16 < n|C|/8N for r # 0. Since the largest possible
size of a Fourier coefficient of C' is |C|/N, this means all nontrivial Fourier coefficients of C' are
at most 7/8 times as large as possible, so they are quite small. Remember that we are aiming
to eventually construct a (multi-)set whose all nontrivial Fourier coefficients are less than 7.

4.4. Using Bernstein’s inequality and finding the sets D and X

LEMMA 4.3.  Let 3|C|/4 >t > 150007 *log N. Then there is a subset D C C of size t such
that |D(r)| < nt/AN for all v # 0.

Proof. Construct a set E C C randomly as follows: For each z € C, include = in E
independently with probability ¢/|C|. Consider the rescaled Fourier coefficients NE(r). Each
of these is the sum of |C| independent random variables E(z)w™ " with mean tC(z)/|C]|,
variance 157 - (1 = &) < t/|C]. By Bernstein (with ¢ = nt/(24|C])), provided that (after some

N
straightforward computation) ¢ < |C|(1 — n/4), we have
S té(?") 2 2
P(|E(r) — ] > nt/24N | < 4dexp(—n~t/4608) < 4exp(—n~t/5000). (4.1)

Observe that, if r # 0, since |C(r)| < n|C|/8N,

tC(r)

E‘(r) - ]

|E(r)| > nt/6N implies

> nt/24N.




Page 10 of 11 BORA CALM

Writing » = 0 in (4.1), we obtain P(||E| — t| > nt/24) < 4exp(—n?t/5000). We claim that if ¢ >
150002 log N, then P(||E| — t| > nt/24) and |E(r)| > nt/6N for all 7 # 0 with positive proba-
bility. By the union bound, the probability of all these happening is > 1— N - 4 N1 —15000/5000
1—4/N >0 (for N > 4). Therefore there exists a set Eo with size t(1 —n/24) < |Eo| < ¢(1+
n/24) and |Eo(r)| < nt/6N for all r # 0.

Now, to obtain D, we can add or delete elements from Ep arbitrarily to get the correct size,
since |[EAD| = k implies |E(r) — D(r)| < k/N. Since 6 + 1/24 < 1/4, we are done.

|

The following lemma has the exact same proof as the previous, so we omit its proof.

LEMMA 4.4. Let BN >t > 15000n"2log N. Then there exists a subset X C B of size t such

that ‘X(r) — L B(r)| < nt/12N.

|B|

4.5. Finding a contradictory multiset S’

LEMMA 4.5.  Let S be the multiset DU B\ X. Then, for allr € R, we have |S(r)| < n|B|/N —
nt/6N, and for all v ¢ RU{0}, we have |S(r)| < n|B|/2N + nt/3N.

Note that |S| = |B|.

Proof. By linearity, S(r) = B(r) — X(r) + D(r). Using the two lemmas in the previous
section, we obtain S(r) = (1 —t/|B|)B(r) + Q(r), where |Q(r)| < nt/3N. If r € R, then, by
definition of R we have |B(r)|/|B| > n/2N, so |S(r)| < n|B|/N — nt/6N.

If ¢ RU{0}, then |S(r)| < n|B|/2 + nt/3, again by definition of R. O

Let D = {d17 . ,dt} and D’ be any set obtained by replacing each d; with d; + x; for some
x; € P. Let 8= D'U B\ X (as a multiset). If ¢ is small enough, we will see that S’ will be a
contradictory multiset. Note again that |S’| = |B].

LEMMA 4.6.  Assumet < nBN/10 = n|B|/10. Then for any r # 0, we have |S'(r)| < n|B|/N.

Proof. Since |SAS'|=|DAD'| <2t, if r¢ RU{0} we have |S'(r)|<|S(r)|+2t/N <
n|B|/2N +nt/3N + 2t/N < n|B|/2N + 3t/N, which is < | B|/N provided that t < n8N/6.

If r € R, then, since P C B(R,n/64), we have |S'(r) — S(r)| < & 23:1 |wr(ditei) — yrdi| <
% - 2mn/64 < nt/8N. Combining with the previous lemma, we obtain |S(r)| < | B|/N. |

Now, if S’ were a genuine set (i.e., all its elements are distinct), then this would contradict
the minimality of 7. It follows that there is no choice of x;’s making S’ a set.

4.6. Finding a large proportion of a long AP in A€
LEMMA 4.7. There is some j such that d; + P C BU A°, except for at most t elements.

Proof. Assume for contradiction that the statement is false. Then for all j, [(d; + P) N (A \
B)| >t. Pick 21 € (di + P)N(A\ B), z2 € (d2 + P) N (A \ B) not equal to z1, and so on, with
each z; in (d; + P)N(A\ B) and not equal to z1,...,z;—1. This is possible because of our
assumption.

However, d; + x; are all distinct, picking D’ as the set of these numbers and noting that
D’ N B = @, we see that this gives a S’ which is a genuine set, which is absurd. |

Pick some j satisfying the conclusion of the above lemma. Since d; € D C C, we have |(d; +
P) N B < 163|P|/n.
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Thus, |(d; + P) N A°| > (1 —168/n)|P| —t. If we choose t so that ¢ < 165|P|/n, then A°
contains at least |(1 — 323/n)|P| elements of d; + P. We see that this implies A° contains an AP
of length at least /643 provided that |P| > 323/, by using the following combinatorial lemma:

LEMMA 4.8. If P is an arithmetic progression, € > 1/|P| and S contains at least (1 — €)|P|
elements of P. Then S contains an arithmetic progression of length at least 1/2e.

Proof. Partition SN P into consecutive runs Pi,..., Py. By hypothesis, k < ¢|P|. We have
SF L IPi| > (1 — €)|P|. If the lemma were false, then we would have (1 — €)|P| < ¢|P|/2¢ = |P|/2,
so € > 1/2, but in that case the lemma is true trivially, since 1/2¢ < 1. |

4.7. Finishing the proof and choosing parameters

In this section we carry out a sketch (just the last steps of each computation) of very unpleasant
computations to finish the proof. It is likely that there are slight numerical inaccurracies in this
section, but they should not be very serious. Recall the following: We require t < 168|P|/n,
t > 150000 2log N, t < nBN/10, |P| > n/328.

Pick ¢t = 15000 2log N, B = exp(—cay/log N), with ¢ = 1/15000 - 2'7. Recall that n > a >
c' loglog N/+/log N.

If 8 > a, then 7 is undefined, but in this case A° contains a progression of length at least
1/28 > n/648 by the above lemma.

To prove the first requirement, taking logs and rearranging we find that (¢’ (15000 - 27 /24000 —
¢) — 3/2)loglog N > 0, which is true for ¢’ > 1.

The second requirement is trivial. Again by taking logs, the third can be seen to be implied
by (5/2 + cc') loglog N < 3logc’ + 3logloglog N + log N, which is always true when ¢’ > 1. The
fourth requirement is immediate from the first one, since ¢t > 1/2.

It remains to show that log(n/643) > ¢’ a\/log N for some c¢”. Expanding everything, we see
that this is implied by log loglog N + log(c’/64) > (c(¢” — ¢) + 1/2) loglog N, so taking ¢’ = ¢/2
and ¢’ = 1/c, we complete the proof.
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